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A new methodis presentedor robustly estimatingmultiple view relationsfrom
point correspondencesThe methodcompriseswo parts,thefirst is a new robust
estimatorMLESAC which is a generalizationof the RANSAC estimator It
adoptsthe samesamplingstratgy asRANSAC to generatgutative solutions but
chooseghe solutionto maximizethe likelihoodratherthanjust the numberof in-
liers. Thesecondartto thealgorithmis agenerapurposemethodfor automatically
parametrizingheserelations usingtheoutputof MLESAC. A difficulty with multi
view imagerelationss thatthereareoftennon-linearconstraintbetweertheparam-
eters,makingoptimizationa difficult task. The parametrizatioomethodovercomes
thedifficulty of non-linearconstraintandconducts constraineptimization. The
methodis generalandits useis illustratedfor the estimationof fundamentamatri-
ces,image-imagehomographiesand quadratictransformations.Resultsare given
for both syntheticandrealimages.It is demonstratethatthe methodgivesresults
equalor superiorto previousapproaches.

1. INTRODUCTION

This paperdescribesa new robust estimatorMLESAC which canbe usedin a wide
variety of estimationtasks. In particularMLESAC is well suitedto estimatingcomple
surfacesor moregeneraimanifoldsfrom pointdata. It is appliedhereto the estimationof
several of the multiple view relationsthat exist betweenmagesrelatedby rigid motions.
Thesearerelationsbetweercorrespondingmagepointsin two or moreviews andinclude
for example, epipolargeometry projectvities etc. Theseimagerelationsare usedfor
several purposes: (a) matching, (b) recovery of structure[1, 8, 11, 27, 4Q] (if thisis
possible){c) motionsegmentatior{31, 36], (d) motionmodelselection14, 37, 35|.

Thepapetis organizedasfollows: In Section2 thematrixrepresentationf thetwo view
relationsare given, including the constraintsthat the matrix elementsmust satisfy For
example thereis acubicpolynomialconstrainbnthematrix elementdor thefundamental
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matrix. It will be seenthatary parametrizationmustenforcethis constraintto accurately
capturethetwo view geometry

Due to the frequentoccurrenceof mismatchesa RANSAC [4] like robust estimator
is usedto estimatethe two view relation. The RANSAC algorithmis a hypothesisand
verify algorithm. It proceedsy repeatedlygeneratingsolutionsestimatedrom minimal
setof correspondencegatheredrom the data,and thentestseachsolutionfor support
from the completesetof putative correspondence®R ANSAC is describedn Section4.
In RANSAC the supportis the numberof correspondencewith error belonv a given
threshold. We proposea new estimatorthat takes as supportthe log likelihood of the
solution (taking into accountthe distribution of outliers) and usesrandomsamplingto
maximizethis. Thislog likelihoodfor eachrelationis derivedin Section3. Thenew robust
randomsamplingmethod(dubbedVILESAC—MaximumLik elihoodEstimationSAmple
Consensuss adumbratedn Sectionb.

Having obtaineda robust estimateusing MLESAC, the minimum point setbasiscan
be usedto parametrizehe constraintas describedn Section6. The MLE erroris then
minimizedusingthis parametrizatin andasutablenon-linearminimizer. Theoptimization
is constrainedecauséhe matrix elementof mary of thetwo view relationsmustsatisfy
certainconstraintsNotethatrelationscomputedrom this minimal setalwayssatisfythese
constraints. Thusthe new contritutionis threefold: (a)to improve RANSAC by useof a
bettercostfunction; (b) to developthis costfunctionin termsof thelikelihoodof inliers
andoutliers(thusmakingit robust);and(c) to obtaina consistenparametrizatiolin terms
of aminimal pointbasis.

Resultsarepresentednsyntheticandrealimagedn Section7. RANSAC iscomparedo
MLESAC, andthe new pointbasedarametrizatioms comparedo otherparametrizations
thathave beenproposedvhich alsoenforcethe constraintoon the matrix elements.

Notation. Theimageof a 3D scenepoint X is x in thefirst view andx_ in the second,
wherex andx  are homogeneoushreevectors,x = (z,y,1)T. The correspondence
x < x’ will alsobedenotedasx! < x2. Throughoutunderlininga symbolz indicates
theperfector noise-freequantity distinguishingt fromz = x + Az, whichis themeasured
valuecorruptedby noise.

2. THE TWO VIEW RELATIONS

Within this sectionthe possiblerelationson the motionof pointsbhetweertwo views are
summarizedthreeexamplesareconsideredn detail: (a) the Fundamentamatrix [3, 10],
(b) theplanarprojective transformatior{projectvity), (c) thequadratidransformation All
thesetwo view relationsareestimabldrom imagecorrespondencesone.

The epipolarconstraintis representedyy the Fundamentatnatrix [3, 10]. This relation
appliedor generamotionandstructurewith uncalibrate¢damerasConsidethemovement
of a setof point imageprojectionsfrom an objectwhich undegoesa rotationand non-
zerotranslationbetweerviews. After the motion, the setof homogeneousmagepoints
{xi},i =1,...n, asviewedin thefirstimageis transformedo theset{x;'} in thesecond
image,with the positionsrelatedby

x, Fx; =0 1

wherex = (z,y,1) " isahomogeneousnagecoordinateandF is theFundamentaWatrix.



Shouldall the obsened pointslie on a plane,or the camerarotateaboutits optic axis
andnottranslatethenall the correspondencdig on aprojectivity:

x' = Hx. (2)
Shouldall the pointsbe consistentvith two (or more)F then
x 'Fix=0 and x 'Fax =0 3)

thus

1

x =F;x x Fox 4)

hencethey conformto a quadratictransformation. The quadratictransformationis a
generalizatiorof the homography It is causedby a combinationof a cameramotion
andscenestructure,asall the scenepointsandthe cameraoptic centredlie on a critical

surface[19], which is a ruled quadric surface. Although the existenceof the critical

surfaceis well known, little researcthasbeenput into effectively estimatingquadratic
transformations.

2.1. Degreesof Freedomwithin Two View Parametrizations

The fundamentaimatrix has9 elementsbut only 7 degreesof freedom. Thusif the
fundamentalmatrix is parametrizedby the elementsof the 3 x 3 matrix F it is over
parametrized.This is becausahe matrix elementsare not independentbeing relatedby
a cubic polynomialin the matrix elementssuchthatdet[F] = 0. If this constraintis not
imposedthenthe epipolarlines do not all intersectin a single epipole[16]. Henceit is
essentiathatthis constraintis imposed.

The projectivity has9 elementsand 8 degreesof freedomastheseelementsare only
definedup to a scale. The quadratictransformationhas 18 elementsand 14 degrees
of freedom[18]. Hereif the constraintsbetweenthe parametersre not enforcedthe
estimationprocessbecomesvery unstable,and good results cannotbe obtained[18],
whereaour methodhasbeenableto accuratelyestimatethe constraint.

2.2. Concatenatedor Joint Image Space

Eachpair of correspondingointsx, x definesa singlepointin a measuremergpace
R*, formedby consideringthe coordinatesn eachimage. This spaceis the ‘joint image
space’[38] or the ‘concatenatedmage space’[24]. It might be consideredsomavhat
eldritchto join thecoordinate®f thetwo imagesnto the samespaceput this makessense
if we assumehatthe dataare perturbedby the samenoisemodel (discussedn the next
subsection)n eachimage,implying thatthe samedistancemeasurdor minimizationmay
beusedin eachimage. Theimagecorrespondence; } « {g;},i =1,...n, inducedby
arigid motionhave anassociate@lgebraicvariety V in R*. Fundamentaiatricesdefine
athreedimensionavarietyin R*, whereagprojectvitiesandquadratidransformationsire
only two dimensional.

Givena setof correspondencdhe (unbiasedminimumyvariancesolutionfor F is that
whichminimizesthesumof square®f distance®rthogonato thevarietyfrom eachpoint
(z,y,2 ,y ) inR*[12,14, 15,21, 23, 26, 35]. Thisis directlyequivalentto thereprojection
errorof thebackprojected3D projective point.
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In previouswork suchas[17] thetransfererrorhasoftenbeenusedastheerrorfunction
e.g.for fitting H thisis

Bz (x, H—lx’) +d? (x’,Hx) )

whered() is the Euclideanimagedistancebetweenthe points. The transferdistanceis
differentfrom the orthogonaldistanceasshown in Figure 1. Thisis discussedurtherin
relationto the maximumlik elihoodsolutionderivedin Section3.

3. MAXIMUM LIKELIHOOD ESTIMATION IN THE PRESENCEOF
OUTLIERS
Within this sectionthe maximumlik elihoodformulationis givenfor computingany of
the multiple view relations. In the following we make the assumptionwithout loss of
generalitythatthenoisein thetwo imagess Gaussiammn eachimagecoordinatewith zero
meananduniform standardleviation . Thusgivenatrue correspondenctne probability
densityfunctionof the noiseperturbedlatais

Pr(DM) = [] ( ! )ne—(EJ &= D+l —v])?) e ©)

. 2o
i=1l...n

wheren is thenumberof correspondencesdM is theappropriate view relation,e.g.the
fundamentainatrix or projectiity, andD is thesetof matches Thenegativelog likelihood
of all thecorrespondences;”?, i = 1..n :

— Z log(Pr(x;*|M, o)) Z Z (:E — (y —y) ), (7)

i=1...n i=1...n j=1,2

discountingthe constantterm. Observingthe data, we infer that the true relation M

minimizesthislog likelihood. Thisinferences called“Maximum Lik elihoodEstimation”.
Giventwo viewswith associatedelationfor eachcorrespondence! ? thetaskbecomes

that of finding the maximumlik elihoodestimatex"? of the true positionx*2, suchthat

. -\ 2 . N\ 2
x1? satisfiesthe relationand minimizesy~._, , (;%f - xq) + (gf - yf) . The MLE
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errore; for theith pointis then

[V

(- 2i)"+ (37 -t ©

j=1,2

s

Thus),_, . e? providesthe error function for the point data,and M for which 3", e?
is aminimumis the maximumlik elihoodestimateof the relation(fundamentamatrix, or
projectvity). Hartley andSturm[12] shov how e, x andx may be found asthe solution
of adegree6 polynomial. A computationallyefficient first orderapproximatiorto theses
givenin Torr etal. [32, 34, 35].

The above derivation assumeshatthe errorsare Gaussianpften however featuresare
mismatchedandthe error on m is not Gaussian.Thusthe erroris modeledasa mixture
modelof Gaussiaranduniform distribution:-

Pr(e) = (7o exp(= ) + (1= )1 ) ©

wherey isthemixing parameteandv is justaconstan{thediameteof thesearctwindow),
o is the standarddeviation of the error on eachcoordinate.To correctlydeterminey and
v entailssomeknowledgeof the outlier distribution; hereit is assumedhat the outlier
distribution is uniform, with —2... 4+ % beingthe pixel rangewithin which outliers are
expectedto fall (for featurematchingthis is dictatedby the size of the searchwindow for
matches) Thereforethe errorminimizedis the negative log lik elihood:

—) log (v(\/;_m) eXp( (Z( )+ () — ))/(202)+(1—7)%>>

(10)
Givena suitableinitial estimatethereare several waysto estimatethe parametersf the
mixture model, most prominentbeing the EM algorithm [2, 20], but gradientdescent
methodscould alsobe used. Becauseof the presencef outliersin the datathe standard
methodof leastsquaregstimations oftennotsuitableasaninitial estimateandit is better
to usearobustestimatesuchasRANSAC whichis describedn the next section.

4. RANSAC

The aimis to be ableto computeall theserelationsfrom imagecorrespondenceser
two views. This computatiorrequiresinitial matchingof points(corners)over theimage
pairs. Cornersare detectedto sub-pixel accurag using the Harris cornerdetector|[9].
Given a cornerat position(z, y) in the first image, the searchfor a matchconsidersall
cornerswithin aregioncentredon (z, y) in thesecondmagewith athresholdon maximum
disparity Thestrengthof candidatenatchess measuredby sumof squaredifferencesn
intensity The thresholdfor matchacceptancés deliberatelyconsenrative at this stageto
minimiseincorrectmatches Becaus¢hematchingprocesss only basedn proximity and
similarity, mismatchewill oftenoccur Thesearesufficienttorenderstandardeastsquares
estimatorauseless.Consequentlyobust methodsmustbe adopted which canprovide a
goodestimateof the solutionevenif someof the dataaremismatchegoutliers).

Potentiallythereare a significantnumberof mismatchesamongsthe initial matches.
Correctmatcheswill obey theepipolargeometry Theaimthenis to obtaina setof “inliers”



consistentvith the epipolargeometryusinga robusttechnique.In this case“outliers” are
putative ‘matches’inconsistentith the epipolargeometry Robustestimationby random
sampling(suchasRANSAC) hasproventhemostsuccessful4, 30, 39].

First we describethe applicationof RANSAC to the estimationof the fundamental
matrix. Putative fundamentalmatrices(up to threereal solutions)are computedfrom
randomsetsof seven cornercorrespondencgshe minimum numberrequiredto compute
afundamentamatrix). The fundamentamatricesmay be estimatedrom seven pointsby
forming the datamatrix:

! ! ! ! ! !
TIT1 TIY1 Ty YT Yivr Y1 7 1

Z= (11)

1 ! ! ! ! 1
Tplr XTzyYr Ty Yr%r Yoyt Yr Tr yr 1

The solutionfor F canbe obtainedfrom the two dimensionahullspaceof Z. Let f; and
f5 beobtainedfrom thetwo right handsingularvectorsof Z with singularvaluesof zero,
thusthey form anorthogonabasisfor thenull space Let U; andU- bethe3 x 3 matrices
correspondingo f; andf,. ThenthethreefundamentamatricesF;, [ = 1,2, 3 consistent
with Z canbeobtainedromF; = aU; + (1 —«)Us, subjecto ascalingandtheconstraint
det[F] = 0 (which givesacubicin « from which 1 or 3 real solutionsareobtained).The
supportfor this fundamentalmatrix is determinecby the numberof correspondences
theinitial matchsetwith errore (givenin (8)) below athresholdl’. Theerrorusedis the
negativelog likelihoodwhichis derivedin thelastsection.If therearethreesolutionsthen
eachis testedfor support. This is repeatedor mary randomsets,and the fundamental
matrix with the largestsupportis accepted.The outputis a setof cornercorrespondences
consistentvith thefundamentamatrix, anda setof mismatchegoutliers).

For projectvities eachcorrespondencprovidestwo constrainton the parameters:

vih=0 andvoh =0 (12)
where

vi=(zy1000 —zz' —yz' —a')
vy = (OOOmyl—my’ —yy’ —y’)

andh is the correspondingectorof the elementof H. Thusfour pointsmay be used
to find an exact solution. RANSAC proceedsn muchthe samemanneywith minimal
setsof four correspondencdseingrandomlyselectedandeachsetgeneratinga putative
projectvity. Thesupporffor eachsetis measuredby calculatingthenegativeloglik elihood
for all the pointsin the initial matchset, and countingthe numberof correspondences
with errorbelow a certainthresholddeterminedoy consideratiorof the inlier andoutlier
distributions.

To estimatea quadratidransformatiorfrom sevencorrespondencebe methodusedfor
generatindundamentamatricesis modified. A critical surfaceis aruled quadricpassing
throughbothcameracentres.Sevencorrespondenceagefinea quadricthroughthe camera
centres. If it is ruled thentherewill be threereal fundamentamatricesF;, F, andF3
formedfrom the designmatrix Z givenin (11) of the sevenpoints. Thesematricescanbe
usedto generatéhecritical surface.In this case ary two of thefundamentaimatricesnay



becombinedo give the quadratiaransformatiorby usingEquation(4) (it doesnot matter
whichtwo asary pair givesthe sameresultasary otherpair). If only onesolutionis real
thenanothersamplecanbetaken.

Howmanysampleshouldbeused?. Ideallyeverypossiblesubsamplef thedatawould
be consideredhut this is usually computationallyinfeasible,so animportantquestionis
how mary subsamplesf the datasetarerequiredfor statisticalsignificance.Fischlerand
Bolles[4] andRousseeuvandLeroy [22] proposedslightly differentmeansof calculation,
but eachpropositiongivesbroadlysimilar numbers.Herewe follow thelatter’'s approach.
Thenumberm of sampleds chosersuficiently high to give a probability T in excessof
95% thata goodsubsamplés selected The expressiorfor this probability T is

T=1-(1-(1-¢"™, (13)

wheree is thefraction of contaminatedliata,andp the numberof featuresn eachsample.
Generallyit is betterto take more samplesthan are neededas somesamplesmight be
degenerate It canbe seenfrom this that, far from beingcomputationallyprohibitive, the
robustalgorithmmay requirefewer repetitionsthanthereareoutliers,asit is not directly
linkedto thenumberbut only the proportionof outliers. It canalsobeseerthatthesmaller
thedatasetneededo instantiateamodel,thefewersamplesirerequiredfor agivenlevel of
confidencelf thefractionof datathatis contaminateds unknawn, asis usual,aneducated
worst caseestimateof thelevel of contaminatiormustbe madein orderto determinethe
numberof samplesto be taken, this can be updatedas larger consistentsetsare found
allowing the algorithmto “jump out” of RANSAC e.g.if theworstguesss 50% anda
setwith 80% inliers is discovered,thene could be reducedrom 50% to 20%. Generally
assumingio morethan50% outliersthen500randomsampless morethansuficient.

5. THE ROBUSTESTIMATOR: MLESAC

The RANSAC algorithmhasprovenvery successfufor robustestimation but having
definedthe robustnegative log likelihoodfunction — L asthe quantityto be minimizedit
becomespparenthatRANSAC canbeimprovedon.

Oneof the problemswith RANSAC is thatif thethresholdI" for consideringnliersis
settoo highthentherobustestimatecanbevery poor. Consideratiorof RANSAC shaws
thatin effectit findsthe minimumof a costfunctiondefinedas

C=Y () 14
wherep() is
o [0 e? <T?
ple) = { constante® > T2 . (15)

In otherwordsinliers scorenothingandeachoutlier scoresa constantpenalty Thusthe
higherT? is themoresolutionswith equalvaluesof C' tendingto poorestimatiore.g.if T
weresuficiently largethenall solutionswould have the samecostasall the matchesvould
beinliers. In Torr andZissermari34] it wasshavn thatat no extra costthis undesirable
situationcanberemedied Ratherthanminimizing C anew costfunctioncanbeminimized

Co=3 " (¢2) (16)



wheretherobusterrortermp, is

(17)

e e2 < T?
mwﬁz{

T? 2>1T72.

This is a simple, redescendindvi-estimator[13]. It can be seenthat outliers are still

given a fixed penaltybut now inliers are scoredon how well they fit the data. We set
T = 1.960 sothatGaussiannliers areonly incorrectlyrejectedfive percentof thetime.

Theimplementatiorof this nev method(dubbedMSAC m-estimatoisampleconsensus
yields a modestto hefty benefitto all robust estimationswith absolutelyno additional
computationaburden. Oncethis is undestoodthere is no reasonto use RANSAC in

prefelenceto this method. Similar schemegor robustestimationusingrandomsampling
andM-estimatorsverealsoproposedn [29] and[25].

Thedefinition of the maximumlik elihooderror allows usto suggesta furtherimprove-
mentover MSAC. Astheaimis to minimisethenegativelog lik elihoodof themixture— L
thenit makessensedo usethis asthe scorefor eachof the randomsamples.The problem
is thatthemixing parametety is notdirectly obsered. But givenary putative solutionfor
the parametersf the modelit is possibleto recover v thatprovidesthe minimum —L, as
thisis aonedimensionakearchit provideslittle computationabverhead

To estimatey, usingExpectatiorMaximization(EM), asetof indicatorvariablesneeds
to beintroduced:n;, ¢ = 1...n, wheren; = 1 if theith correspondencis aninlier, and
n; = 0 if thedth correspondencis an outlier. The EM algorithm proceedsas follows
treatingthen; asmissingdata[5]: (1) generate guesdor v, (2) estimatehe expectation
of the n; from the currentestimateof v, (3) make a new estimateof « from the current
estimateof n; andgoto step(2). Thisproceduras repeatedintil corvergenceandtypically
requiresonly two or threeiterations.

In moredetailfor stagg(1) theinitial estimateof v is % For stagg2) denoteheexpected
valueof 7; by z; thenit followsthatPr(n; = 1|y) = z;. Givenanestimateof - this canbe
estimateds:

Di
Pr(n; = 1]v) = 18
(n 17) Py (18)

andPr(n; = 0|y) = 1 — z;. Herep; is thelikelihoodof adatumgiventhatit is aninlier:

1 \* o o
pi=1 (—) exp | — | D (@l —=)> + (@ —vl)* | /(207 (19)
V2ro s

andp, is thelikelihoodof a datumgiventhatit is anoutlier;
1
po=(1-7);. (20)

For stage(3)

7:%2% . (21)

This methodis dubbedMLESAC (maximumlik elihoodconsensus)For real systemst
is sometimedelpful to put a prior on +, the expectedproportionof inliers, this depends



1. Detectcornerfeaturesusingthe Harris cornerdetecto9].
2. Putatie matchingof cornersover the two imagesusingproximity andcrosscorrelation.
3. Repeauntil 500sampleshave beentaken or “jump out” occursasdescribedn Sectiond.

(i) selectarandomsampleof theminimumnumberof correspondenceS, = {x;**}.
(ii) EstimateheimagerelaionM consistenvith thisminimalsetusing themethodsdescibedin Section 4.
(iii) calculatetheerrore; for eachdatum.

(iv) For MSAC calculateCs, or for, MLESAC calculatey andhence—L for therelation,asdescribed
in Section5.

4. Selecthebestsolutionoverall thesamples.e. thatwith lowest— L or Cs. Storethesetof correspondences
Sm thatgave this solution.

5. Minimize robustcostfunctionover all correspondenceasingthe pointbasisprovided by thelaststepasthe
parametrizationasdescribedn Section6.

]A brief summaryof all the stagesof estimation

TABLE 1
[

ontheapplicationandis not pursuedurtherhere. The two algorithmsaresummarizedn
Tablel. Theoutputof MLESAC (aswith RANSAC) is aninitial estimateof therelation,
togethermwith alikelihoodthateachcorrespondencds consistentwith therelation. The
next stepis to improve the estimateof therelationusinga gradientdescenmethod.

6. NON-LINEAR MINIMIZA TION

The maximizationof thelik elihoodis a constrainedptimisationbecause solutionfor
F, Q or H is soughtthatenforcegherelationsbetweerthe elementwf the constraint.If
a parametrizatiorenforcegheseconstraintst will betermedconsistent In the following
weintroducea consistenparametrizatiomnddescribevariationswhich resultin aminimal
parametrization.A minimal parametrizatiorhasthe samenumberof parameterasthe
numberof independentlementydegreesof freedom)of the constraint. The advantages
anddisadwantage®f suchminimal parametrizationsvill bediscussed.

Thekey ideais to usethe pointbasisprovidedby therobustestimatorastheparametriza-
tion. Forthesimplesicasetheprojectvity, afour pointbasiss provided. By fixing x, y and
varyingz', y' for eachcorrespondencelementof theprojectivity maybeparametrizeéh
termsof the4 correspondenceanda standardyradientdescentlgorithm[7] canbe con-
ductedwith 2’, 3y’ asparametersNotethis parametrizatiomasexactly 8 DOF (2 variables
for eachof the 4 correspondences)Anotherapproachis to alter all the 16 coordinates,
the non-linearminimization conductedn this higher dimensionalparameteispacewill
discardextraneougparametergutomatically This approachhasthe disadwantagethat it
requiresan increasechumberof function evaluationsasthereare more parameterghan
degreesof freedom.Similarly, 7 pointsmaybeusedto encodehefundamentamatrixand
the parameterso encodedare guaranteedo be consistentj.e. their elementssatisfythe
necessargonstraint{Sometimeghe 7 pointsmay provide threesolutions,in which case
the onewith lowesterroris used). This methodof parametrizationn term of pointswas
first proposedn Torr andZissermarj33].

A numberof variationson thefree/fixed partitionwill now bediscussedaswell ascon-
straintsonthedirectionof movementduringtheminimisation.In all casesheparametriza-



tion is consistentput may not be minimal. Althougha non-minimalparametrizatiorover
parametrizeshe imageconstraintthe main detrimentaleffectsis likely to be the costof
thenumericalsolutionandpoorcornvergenceproperties. Theformeris oneof themeasures
usedto comparethe parametrizationg Section?.

Firstthe parametrizationfor F aredescribed Giventhe minimal numberof correspon-
denceghat canencodeoneof theimagerelationsthreecoordinatesanbe fixedandone
variede.g.we could encodeF by seven correspondences:;, y;) < (x;,;) i = 1...7,
by fixing thez, y,z coordinate®f thesecorrespondencese spaceof F is parametrized
by theseveny' coordinatesThisis referredto asparametrizatio®1. Theparametrization
P1for H andQ fixesz, y for theminimal basissetandvariesz , y . This parametrization
is bothminimalandconsistentbut thedisadantagéor F of thisis thatshouldtheepipolar
linesin image2 beparallelto they axisthenthemovemenof thesepointswill notchangér.
In orderto overcomethis disadantagemethodP2 movescoordinatesn R* in adirection
orthogonato the constraintsurface(variety) definedby theimagerelation. The direction
of motionis illustratedin Figure2 for a two dimensionalkase. Hereandfor F thereis
oneorthogonalirectionto the manifold. In thecaseof H andQ, methodP2 moveseach
coordinatein z,y,z ,y in two directionsorthogonalto the manifold. Perturbingeach
pointin this spacethenhastwo degreesof freedom,so the parametrizatiorhas8 dof in
total (for H), i.e. it is minimal. In fact,bothP1andP2 areminimal andconsistenhaving
7 DOFfor F, 8 DOFfor H and14 DOFfor Q. A third methodP3is now definedthatuses
all the coordinatef the correspondencesncodingthe constraintas parametersGiving
a 28 DOF parametrizatiorior F andQ, and16 for H. NotethatP3is over parametrized
having moreparametershandegreesof freedom.

By way of comparisormethodP4 is the linear methodfor eachconstraintandis used
asabenchmarkFurthermoreeachconstraints estimatedisingstandargparametrizations
asfollows. The projectvity andquadratictransformationsare estimatedy fixing one of
the elementqthe largest)of the matrix. For the projectvity this is minimal whereast is
not for the quadraticransform. The non-linearparametrizatiorfixing the largestelement
is dubbedP5. P6is Luong’s parametrizatiotior the fundamentamatrix. Thisis a7 DOF
parametrizatiorin termsof the epipolesandepipolarhomographydesignedy Luong et
al [16], thisis bothminimal andconsistent.

After applyingMLESAC, the non-linearminimizationis conductedusingthe method
describedn Gill andMurray [6], which is a modificationof the Gauss-Neton method.
All the pointsareincludedin the minimization, but the effect of outliersareremoved as
the robust function placesa ceiling on the value of their errors, (thusthey do not affect
the Jacobianof the parameters)unlessthe parametergnove during the iteratedsearch
to a value wherethat correspondencenight be reclassifiedas an inlier. This scheme
allows outliersto bere-classedsinliers during the minimizationitself without incurring
additionalcomputationatompleity. This hasthe advantageof reducingthe numberof
falseclassificationswhich might ariseby classifyingthe correspondencest too early a
stage.

An advantageof the methodof Gill andMurray is thatis doesnotrequirethecalculation
of arny secondrderderivativesor HessiansFurthermoréf thedatais overparametrizethe
algorithmhasan effective stratayy for discardingredundantombinationof thevariables,
andchoosingefficientsubset®f directionto searchin parametespace.Thismalesit ideal
for comparingminimizationsconductedvith differentamountsof over parametrization.
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As amatchmaybeincorrect,t is desirablehat,if in thecourseof theestimatiorprocess
we discover that the corneris mismatchedwe are ableto alter this match. In orderto
achieve this we storefor eachfeaturenot only its match, but all its candidatematches
that have a similarity scoreover a userdefinedthreshold. After eachestimationof the
relation,in theiterative processedescribechbove, featureshatareflaggedasoutliersare
re-matchedo their mostlik ely candidatehatminimizesthe negative log likelihood.

Convergenceproblemsmight ariseif eitherthe chosenbasissetis exactly degenerate,
or the dataasa whole are degenerate.In the first casethe imagerelationM cannotbe
uniquelyestimatedrom the basisset. To avoid this problemthe rank of the designmatrix
Z matrix given by (11) canbe examined. If the null spaceis greaterthan?2 (1 for H),
which it surelywill be givendegeneratedata,thenthat particularbasiscanbe discarded.
Provided the basispointsdo not becomeexactly degeneratehenary basissetis suitable
for parametrizingM.

In the secondcase shouldthe dataasa whole be degeneratehenthe algorithmwill fail
to corvergeto a suitableresult, the discussiorof degeneray is beyond the scopeof this
paperandis consideredurtherin Torr etal. [35].

7. RESULTS

We have rigorouslytestedthe variousparametrizationsn realandsyntheticdata. Two
measurearecomparedThefirstassessabeaccuray of thesolution. Thesecondneasure
is thenumberof costfunctionevaluationamadei.e. thenumberof timesD is evaluated.In
the caseof syntheticdatathe first measurés

1

o (i i 3
> * (%) (22)

o, = _—
P . n
ij

for thesetof inliers,\_/vherefc{ is thepointclosesto thenoisefreedatumx’ whichsatisfies
theimagerelation x] is theith pointin thej image andd() is theEuclidearimagedistance



betweerthe points. This providesa measureof how far the estimatedelationis from the
truedatai.e. we testthefit of our computedelationfrom the noisydataagainstheknown
groundtruth. In the caseof realdatathe accurag is assesseftom the standardleviation
of theinliers

2\
o = (Z g) : (23)

Firstexperimentsveremadeon syntheticdatarandomlygeneratedh threespace100sets
of 100 3D pointswere generated.The pointswere generatedn the field of view 10-20
focal lengthsfrom the camera.Theimagedatawasperturbedoy Gaussiamoise,standard
deviation 1.0, andthenquantizedo thenearesD.1 pixel. We thenintroducedmismatched
featureso make agivenpercentagef thetotal, between 0 and50 percent.With synthetic
datatheestimatecanbecomparedvith thegroundtruth asfollows: Thestandardieviation
of theerrorof theactualnoisefreeprojectionsof thesyntheticcorrespondencés thefitted
relationis measuredThis givesagoodmeasuref thevalidity of eachmethodin termsof
thegroundtruth.

A comparisorwasmadebetweertherobustestimatordooking atthe standardieviation
of thegroundtrutherrorbeforeapplyingthegradientdescenstagefor variouspercentages
of outliers. Theresultswerefoundto be dramaticallyimproved: a reductionof variance
from 1.43to 0.64 when estimatinga projectiity, suggestinghat MLESAC shouldbe
adoptedinsteadof RANSAC. After the non-linearstagethe standarddeviation of the
groundtruth error o, dropsto 0.22. Figure 3 shavs that estimatederror on synthetic
data(conformingto randomfundamentamatrices)or four randomsamplingstyle robust
estimatorsRANSAC [4], LMS [22, 39], MSAC andMLESAC. It canbeseenthatMSAC
and MLESAC outperformthe othertwo estimatorsproviding a5 — 10% improvement.
This is becausehe first two have a more accurateassessmentf fit, wheread MS uses
only the median,and RANSAC countsonly the numberof inliers. For this examplethe
performancef MSAC andMLESAC arevery close MLESAC givesslightly betterresults
but atthe expenseof morecomputationthe estimationof themixing parametety for each
putative solution). Thusthe choiceof MLESAC or MSAC for a particularapplications
depend®n whetherspeedr accuray is moreimportant.

Theinitial estimateof theseven(for afundamentaimatrix or critical surface)or four (for
animage-imagéomography/projectity) point basisprovidedby stage? is quite closeto
the true solutionand consequenthstage3 typically avoids local minima. In generalthe
non-linearminimisationrequiresfar morefunction evaluationsthanthe randomsampling
stage. However, the numberrequiredvarieswith parametrizationandis an additional
measurgover variance)on which to assesshe parametrization.

Fundamentamatrix-synthetiddata. The five parametrization$or F werecompared
alongwith thelinearmethodfor fitting theFundamentahatrix. Theresultsaresummarised
in Table2. Luong’s methodP6 produceda standarddeviation of 0.32with an averageof
238functionevaluationsin the non-linearstage. The 28 DOF parametrizatiorP3in terms
of pointsdid significantlyworsein thetrials with anestimatedstandardieviation of 0.53
andan averageof 2787 function evaluations whereashe 7 DOF P2 parametrizatiordid
significantly better with an estimatedstandarddeviation of 0.22 at an averageof 119
function evaluations. It remainsyet to discover why the “orthogonal” parametrization
provided the bestresults, but in generalit seemsthat movementperpendicularto the




Comparison of Robust Estimators
4 T T T 7

Error Standard Deviation

Il
10 20 30 40 50 60 70
Outlier Percentage

FIGURE 3

TABLE 2
The DOF, avelage number of evaluations of the total cost function in the gradient
descentlgorithm, andthe standad deviation &, (22) for the perfectsynthetic
pointdatafor the fundamentamatrix.

|| Method DOF Evaluations op ||
P1Varyy' 7 120 0.34
P2 OrthogonalPerturbation 7 119 0.22
P3Varyz,y.z .y 28 2787 053
P4 Linear - - 085
P5 Fix largestelemenof F 7 260 0.54
P6 Luong 7 238 0.32

constrainof thepoint producespeedycorvergenceo agoodsolution,perhapdecausét
movesthe parameterin thedirectionthatwill changehe constrainthe most.

Fundamentamatrix-ChapelSequence Figures4 (a)-(b)shawv two viewsof anoutdoor
chapelthe cameramovesaroundthe chapelrotatingto keepit in view. Thematchegrom
the initial crosscorrelationare shavn in (c) andit canbe seenthat they containa fair
numberof outliers. The basisprovidedby MLESAC is givenin (d). As the minimization
progressethebasigpointsmaove only afew hundredth®f apixel each but thesolutionwas
muchimproved,final inliers andoutliersareshovn in (e) and(f); thestandardieviation of
theinlying datac, have decreaseffom 0.67to0 0.23.

Projectivity-synthetidata. Whenfitting theprojectvity theseveraldifferentparametiza-
tions P1-P3, P5 were used. In this case the resultsof all parametrizationsvere almost
identical,with standardieviationsof the errorwithin 0.04 pixelsof eachother The num-
berof functionevaluationsrequiredin thenon-lineaminimizationwason averagel24for
the 8 DOF orthogonalparametrizationcomparedwith 457 for the 16 DOF. Hencethe 8




FIGURE 4

TABLE 3
The DOF, averge number of evaluations of the total cost function in the gradient
descentlgorithm, and the standad deviation o, (22) for the perfectsynthetic
pointdatafor thehomaraphymatrix.

|| Method DOF Evaluations op ||
P1 Vary;c' andy' 8 132 0.34
P2 OrthogonalPerturbation 8 124 0.30
P3Varyz,y. z .y 16 457 0.31
P4 Linear - - 042
P5 Fix largestelementof H 8 260 0.32

DOF hasthe slight advantageof beingsomeavhatfaster Thelack of differencebetween
the parametrizationsnight be explainedby the lack of complex constraintsbetweenthe
elementf the homographymatrix, which is definedup to a scalingby 9 elements.

Projectivity-CupData. Figure 5 (a) shaws the first and (b) the secondimage of a
cup viewed from a cameraundegoing cyclotorsionaboutits optic axis combinedwith
animagezoom. The matchesaregivenin (c), basis(d), inliers (e) outliers(f) for this
scenewhenfitting a projectivity. It canbe seenthatoutliersto the cyclotorsionareclearly
identified. The nonlinear stepdoesnot produceary new inliers asthe MLESAC stephas
successfullyeliminatedall mismatchesthe errorontheinliersis reducedoy 1% whenthe
imagecoordinatesn oneimagearefixedandthosein the othervaried.




FIGURE 5

TABLE 4
The DOF, average number of evaluations of the total cost function in the gradient
descentlgorithm, andthe standad deviation o, (22) for the perfectsynthetic
point datafor the quadiatic transformation.

|| Method DOF  Evaluations op ||
P1Varyz andy’ 14 791 0.36
P2 OrthogonaPerturbation 14 693 0.30
P3Varyz, y, z .y 28 3404 0.57
P4 Linear - - 0.64
P5Fix largestelementof H 17 913 0.39

Quadmatic Transformation-synthetidata. Theresultsfor the synthetictestsaresum-
marisedn Table4, it canbeseernthattheorthogonaperturbatiorparametrizatiofP2 gives
the bestresults,and outperformsthe inconsistenparametrizatiorP5 aswell asthe over
parametrizatiorP3.

Quadntic Transformation-Modehousedata. Figure6 (a) (b) shavsascendn which
acameraotatesandtranslatesvhilst fixating on amodelhouse. The standardleviation of
theinliersimprovesfrom 0.39aftertheestimatiorby MLESAC to 0.35afterthenon-linear
minimization. Theimportantthingaboutthisimageis thatstructurerecoveryfor thisimage
pairprovedhighly unstable Thereasorfor thisinstabilityis notimmediatelyapparentintil
the goodfit of the quadratictransformations witnessedjndicatingthat structurecannot




be well recoveredfrom this scene. In factthe detectedcornersapproximatelylie neara
guadricsurfacewhich alsopasseshroughthe cameracentres.Thisis shovn in Figure?7.

g
-~

FIGURE 6

8. CONCLUSION

Within this paperanimprovementoverRANSAC: MLESAC hasbeenshavn to give
betterestimatesn our testdata. A generalmethodfor constrainegparameteestimation
hasbeerdemonstratedindit hasbeershaovnto provideequalor superioresultsto existing
methods.In factfew suchgenerapurposemethodsexist to estimateandparametrize&om-
plex quantitiessuchascritical surfaces.Thegeneramethodof minimal parametrizatiomn
termsof basispointsfoundfrom MLES A C) couldbe usedfor otherestimationproblems
in vision, for instanceestimatingthe Quadrifocaltensorbetweenfour images,comple
polynomial curvesetc. The generalmethodologycould be usedoutsideof vision in ary
problemwhereminimal parametrizationsire not immediatelyobvious, andthe relations
may be determinedrom someminimal numberof points.

Why doesthe point parametrizatiomvork sowell? Onereasoris thatthe minimal point
setinitially selectedby MLESAC is known to provide a good estimateof the image
relation(becausdhereis alot of supportfor this solution). Hencethe initial estimateof
thepointbasisprovidedby MLESAC is quitecloseto thetrue solutionandconsequently
the non-linearminimisationtypically avoids local minima. Secondlythe parametrization
is consistentvhich meanghatduringthe gradientdescenphaseonly imagerelationsthat
might actuallyarisearesearchedor.




FIGURE 7

It hasbeenobsenedthatthe MLES AC methodof robustfitting is goodfor initializing
theparameteestimatiorwhenthedataarecorruptedoy outliers. In this casetherearejust
two classto which adatummightbelong,inliers or outliers. The MLES AC methodmay
be generalizedo the casewhenthe datahasarisenfrom a more generalmixture model
involving several classessuchasin clusteringproblems. Preliminarywork to illustrate
this hasbeenconducted28].

Therearetwo extensionsthat are trivial to MLESAC that allow the introduction of
prior informationt, althoughprior informationis notusedin this paper Thefirstis to allow
aprior Pr(M) onthe parametersf therelation,whichis just addedto the scorefunction
— L. Theseconds to allow a prior on the numberof outliersandthe mixing parametetry.
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